Abstract. Let N be a closed, connected, smooth 4-manifold with H 1 (N; Z) = 0. Our main result is the following classification of the set E 7 (N) of smooth embeddings N → R 7 up to smooth isotopy. Haefliger proved that the set E 7 (S 4 ) with the connected sum operation is a group isomorphic to Z 12 . This group acts on E 7 (N) by embedded connected sum. Boéchat and Haefliger constructed an invariant BH : E 7 (N) → H 2 (N; Z) which is injective on the orbit space of this action; they also described im(BH). We determine the orbits of the action: for u ∈ im(BH) the number of elements in BH −1 (u) is GCD(u/2, 12) if u is divisible by 2, or is GCD(u, 3) if u is not divisible by 2. The proof is based on a new approach using modified surgery as developed by Kreck.
Introduction and main results
We work in the smooth category. The main result of this paper is a complete readily calculable classification of embeddings into R 7 of closed, smooth 4-manifolds N such that H 1 (N ) = 0. For such a manifold let E 7 (N ) denote the set of smooth embeddings N → R 7 up to smooth isotopy. We omit Z-coefficients from the notation of (co)homology groups and denote Poincaré duality by P D. Classification Theorem 1.1. Let N be a closed connected 4-manifold such that H 1 (N ) = 0. There is the Boéchat-Haefliger invariant
whose image is im(BH) = {u ∈ H 2 (N ) | u ≡ P Dw 2 (N ) mod 2, u ∩ u = σ(N )}.
For each u ∈ im(BH) there is an injective invariant called the Kreck invariant,
whose image is the subset of even elements. if N = S 4 [Ha66] or an integral homology 4-sphere.
(b) For each integer u there are exactly GCD(u, 12) isotopy classes of embeddings f : S 2 × S 2 → R 7 with BH(f ) = (2u, 0), and the same holds for those with BH(f ) = (0, 2u (d) Take an integer u and an embedding f u : S 2 × S 2 → R 7 constructed below. If u = 6k ± 1, then for each embedding g : S 4 → R 7 the embedding f u #g is isotopic to f u . The first construction of f u . Let f u : S 2 → V 5,3 be a map representing u times the generator of π 2 (V 5,3 ) ∼ = Z. This map f u can be seen as a map from S 2 to the space of linear orthogonal embeddings R 3 → R 5 . By the exponential law this gives a map f u = pr 1 ×f u : S 2 × R 3 → S 2 × R 5 , where pr 1 is the projection onto the first factor. Let f u be the composition S 2 × ∂D 3 → S 2 × ∂D 5 → R 7 of the restriction of f u and the standard inclusion.
The second construction of f u . Take the standard embeddings 2D 5 × S 2 ⊂ R 7 (where 2 is multiplication by 2) and ∂D 3 ⊂ ∂D 5 . Take u copies (1 + 1 n )∂D 5 × x (n = 1, . . . , u) of 4-sphere outside D 5 × S 2 'parallel' to ∂D 5 × x. Join these spheres by tubes so that the homotopy class of the resulting embedding S 4 → S 7 − D 5 × S 2 ≃ S 7 − S 2 ≃ S 4 will be u ∈ π 4 (S 4 ) ∼ = Z. Let f be the connected sum of this embedding with the standard embedding ∂D 3 × S 2 ⊂ R 7 .
It follows from the Classification Theorem 1.1 that if f k : N k → R 7 are embeddings of closed connected 4-manifolds such that H 1 (N k ) = 0 and a k := BH N k (f k ), then
(a 1 ⊕ a 2 ) = GCD(a 1 , a 2 , 3) if either a 1 or a 2 is not divisible by 2, GCD(a 1 /2, a 2 /2, 12) if both a 1 and a 2 are divisible by 2.
The General Knotting Problem. This subsection is not used in the proof of the Classification Theorem 1.1. This paper concerns the classical Knotting Problem: given an n-manifold N and a number m, describe E m (N ), the set of isotopy classes of embeddings N → R m . 7 For recent surveys see [RS99, Sk08] ; whenever possible we refer to these surveys not to original papers.
The Knotting Problem is more accessible for 2m ≥ 3n + 4 [RS99, Sk08] . It is much harder for 2m < 3n + 4 :
if N is a closed manifold that is not a disjoint union of spheres, then until recently no complete readily calculable descriptions of isotopy classes was known, in spite of the existence of interesting approaches of Browder-Wall and Goodwillie-Weiss [Wa70, GW99, CRS04] . 8 For recent results see [Sk06, Sk08'] ; for rational and piecewise linear classification see [CRS07, CRS] and [Sk06, Sk07, Sk08, §2, §3 and §5, Sk], respectively.
6 For a general integer u the number of isotopy classes of embeddings f u #g is GCD(u, 12). 7 The classification of embeddings into S m is the same because if the compositions with the inclusion i : R m → S m of two embeddings f 0 , f 1 : N → R m of a compact n-manifold N are isotopic, then f 0 and f 1 are isotopic (in spite of the existence of orientation-preserving diffeomorphisms S m → S m not isotopic to the identity). Indeed, since f 0 and f 1 are isotopic, by general position i • f 0 and i • f 1 are non-ambiently isotopic. Since every non-ambient isotopy extends to an ambient one [Hi76, Theorem 1.3], i • f 0 and i • f 1 are isotopic. 8 We are grateful to M. Weiss for indicating that the approach of [GW99] does give explicit results on higher homotopy groups of the space of embeddings S 1 → R n .
In this subsection N is a closed connected n-manifold and f : N → R m is an embedding. Let ν f be the normal vector bundle of f (N ) and let C f be the closure of the complement in S m ⊃ R m of a tubular neighbourhood of f (N ). We identify the boundary of C f , ∂C f , with the total space of the sphere bundle of ν f . In this paper a bundle isomorphism is always the restriction of a linear bundle isomorphism to the sphere bundle.
The following classical lemma reduces the classification of embeddings to the relative classification of manifolds.
Lemma 2.1. For a closed connected manifold N embeddings f 0 , f 1 : N → R m are isotopic if and only if there is a bundle isomorphism ϕ : ∂C f 0 → ∂C f 1 which extends to an orientation-preserving diffeomorphism C f 0 → C f 1 #Σ for some homotopy n-sphere Σ.
Proof. The 'only if' part is obvious, so let us prove the 'if' part. The bundle isomorphism ϕ also extends to an orientation-preserving diffeomorphism
Since any orientation-preserving diffeomorphism of R m is isotopic to the identity, it follows that f 0 and f 1 are isotopic.
Remark. Lemma 2.1 has been used to obtain embedding theorems in terms of Poincaré embeddings [Wa70] . But 'these theorems reduce geometric problems to algebraic problems which are even harder to solve' [Wa70] [Sk06] ).
The main idea of our proof is to apply the modification of surgery [Kr99] which allows to classify m-manifolds using their homotopy type just below dimension m/2.
12 Applying modfified surgery we prove a diffeomorphism criterion for certain 7-manifolds with boundary: the Almost Diffeomorphism Theorem 2.6 (cf. the Diffeomorphism Theorem 4.7) which is a new, non-trivial version of [KS91, Theorem 3.1] and of [Kr99, Theorem 6] for 7-manifolds M with non-empty boundary and without the assumption that H 4 (M ) is finite.
Preparatory results.
In order to let the reader understand the main ideas before going into details, we sometimes apply a result before presenting its proof. In such cases the proof if given in §3 (except for the proof of 'if part' of the Almost Diffeomorphism Theorem 2.6 which is given in §4).
Remark. For some readers it would be more convenient to replace homology by cohomology using Poincaré-Lefschetz duality (these readers would have to pass back to homology at the decisive step of the proof because in geometric situations like in this paper cup-products are anyway calculated by passing to cap-products). For some readers it would be more convenient to replace for a manifold Q a homology class z ∈ H n−2 (Q, ∂Q) by a homotopy class of a map Q → CP ∞ (then sewing two maps would be a bit more technical) and a spin structure on Q by a map Q → BSpin.
Recall that unless otherwise stated N is a closed connected orientable 4-manifold and f : N → R 7 is an embedding.
Lemma 2.2. The normal bundle of f , ν f , does not depend on f .
Proof. The lemma follows because ν = ν f is completely defined by its characterictic classes [DW59]. We have e(ν) = 0, w 2 (ν) = w 2 (N ) by the Wu formula and p 1 (ν) = p 1 (N ) by the analogue of the Wu formula for real Pontryagin classes.
Take two embeddings f 0 , f 1 : N → S 7 . By Lemma 2.2 there is a bundle isomorphism ϕ : ∂C f 0 → ∂C f 1 . By Lemma 2.1 embeddings f 0 and f 1 are isotopic if and only if there is an extension ϕ : C f 0 → C f 1 #Σ. In this situation we may assume:
• that ϕ preserves the spin structures s, s ′ coming from S 7 and • that ϕ sends the generator
The first property is fulfilled because H 1 (N ) = 0. A necessary condition for the second property is ϕ * ∂A f 0 = ∂A f 1 . (CP ∞ ) = 0 [KS91, Lemma 6.1]). It remains to replace the bordism by an h-cobordism. This problem is solved by modified surgery [Kr99] . The heart of our argument is to analyse the dependence of the surgery obstructions which arise from various choices of the bordism and the bundle isomorphism ϕ. We call the resulting obstruction the Kreck invariant.
Agreement

The definition of the Kreck invariant.
For any manifold Q we abbreviate H i (Q, ∂Q) to H i (Q, ∂) and denote Poincaré-Lefschetz duality by
Recall that for an abelian group G the divisibility d(0) of zero is zero and the divisibility
A sentence involving k holds for each k = 0, 1. A set X = (C 0 , C 1 , A 0 , A 1 , ϕ) consisting of compact connected spin 7-manifolds C 0 and
According to our strategy we first define the obstruction η X to extending ϕ to a diffeomorphism carrying A 0 to A 1 .
14 Denote M ϕ := C 0 ∪ ϕ (−C 1 ). For y ∈ H 5 (M ϕ ) and an orientable n-submanifold C ⊂ M ϕ we denote 15 y ∩ C := P D[(P Dy)| C ] ∈ H n−2 (C, ∂). 13 We conjecture that this assumption is superfluous when ϕ is a spin bundle isomorphism. 14 A more general situation makes things simpler, but a reader who do not wish to keep in mind the properties of C k , A k , ϕ may assume that C k = C f k , A k = A f k and ϕ is any spin bundle isomorphism.
15 If y is represented by a closed oriented 6-submanifold
Null-bordism Lemma 2.4. Each admissible set has a null-bordism, i.e. a compact connected spin 8-manifold W and
Proof. Look at the segment of (the Poincaré-Lefschetz dual to) the Mayer-Vietoris sequence:
Here the unmarked arrow is induced by inclusion and Ψ k x := x ∩ C k .
Since
Since Ω Spin 7
(CP ∞ ) = 0 [KS91, Lemma 6.1], there are a compact spin 8-manifold W and a class z ∈ H 6 (W, ∂) such that ∂W = spin M ϕ and ∂z = A.
Let W be a compact spin 8-manifold. Consider the following fragment of the exact sequence of pair:
(with any coefficients). Let p 1 (W ) be the first Pontryagin class of W . Denote
It is known that p W is divisible by 2, see Lemma 2.9. Denote by ρ m the reduction modulo m.
Definition: the Kreck obstruction η W,z . Take a null-bordism (W, z) of an admissible set X.
The proof of the independence of η W,z on the choice of z 2 . We have
Proof. Consider the segment of the Mayer-Vietoris sequence
, and in the above segment of the Mayer-Vietoris sequence ∂ W z 2 is mapped to
For an admissible set X by Lemma 2.5 we can define
The proof of the independence of η X on the choice of (W, z). The independence on the choice of (W, z) within a cobordism class relative to the boundary is standard. Change of the cobordism class (relative to
, where V is a closed spin 8-manifold and v ∈ H 6 (V ). This is divisible by 24 by the smooth spin case of [KS91, Proposition 2.5].
Definition: the Kreck invariant η u . Assume that H 1 (N ) = 0. Take two embeddings
, so we may assume that ϕ is spin. Then by the Alexander duality and the Agreement Lemma 2.3 the set X = (
. This is well-defined by the (non-trivial) Framing Theorem 2.7(η).
For u ∈ H 2 (N ) fix an embedding f 0 : N → R 7 such that BH(f 0 ) = u and define
The outline of the proof. The 'only if' part is simple (take W = C 0 ×I∪ ϕ (C 1 #Σ), where ϕ : C 0 ×1 = C 0 → C 1 #Σ is given extension) and is not used in the proof of the Classification Theorem 1.1. 
Definition of the framing invariant
Proof of the injectivity of η u . By Lemma 2.8 it suffices to prove that 17 In general η u depends on the choice of an orientation on N, but E 7 (N) by definition does not. 18 This is independent on the choice of W, z analogously to η X using the smooth spin case of [KS91, Proposition 2.5] (because 12S 3 − 48S 2 = 6z 4 is divisible by 12, so z 4 is divisible by 2 for closed manifolds).
19 The change of ϕ is only possible together with certain changes of W, z.
In order to prove this assertion construct an admissible set X as in the definition of the Kreck invariant
f is divisible by 2, by the Framing Theorem 2.7(ϕ) we can change ϕ so as to obtain η ′ X = 0. By the Framing Theorem 2.7(η) η X will be preserved.
Therefore by the Almost Diffeomorphism Theorem 2.6 ϕ extends to a diffeomorphism C f → C f ′ #Σ for a certain homotopy 7-sphere Σ. Hence f is isotopic to f ′ by Lemma 2.1.
The description of im η u holds by the second equality of the Addendum 1.3 and the following two partially known results proved in §3.
Lemma 2.9. Let W be a compact spin 8-manifold. Then p W is divisible by 2 and
Realization Theorem 2.10. There is an embedding g 1 :
This holds by the injectivity of η 0 (proved above) because there exist 12 pairwise nonisotopic embeddings S 4 → S 7 [Ha66] . We present an alternative direct proof in §3. Sections §3 and §4 depend on §2 but are independent of each other.
The details of the proof
Proof of the Agreement Lemma 2.3.
, where B 4 is a closed 4-ball in N . Denote ν = ν f . For a section ξ : N 0 → ∂C f we denote by ξ ⊥ the oriented 2-bundle that is the orthogonal complement to ξ in ν| N 0 . Denote by |·, ·| the distance in N such that B 4 is a ball of radius 2. By 'a section ξ : N 0 → ∂C f ' we would mean 'a section over N 0 of the normal bundle
. For a map ξ : P → Q between a p-and a q-manifold denote the 'preimage' homomorphism by
Proof. Since ζ is unlinked, there is a 5-chain a in S 7 − f N 0 such that ∂a is represented by ζN . We may assume that the support of a is in general position to ∂C f , so 5-chain a ∩ C f and 4-chain a ∩ ∂C f are defined.
Take 5-chain b in S 7 represented by the union of segments
. By pushing out of ν −1 N 0 we may assume that the support of a intersects ν −1 N 0 by ζN 0 . Hence
Identify the groups H 2 (N ) and H 2 (N 0 ) by the restriction isomorphism. Then
Here the last equality holds because the normal bundle of ζ :
Here • (1) follows by Alexander duality, cf. [Sk08', the Alexander Duality Lemma];
• ν 0 := ν| ν −1 N 0 and the square means intersection square in
Proof of the Agreement Lemma 2.3. Denote f = f 0 . Consider the following fragment of the Gysin sequence for the bundle ν having trivial Euler class:
We see that for each section ζ : N 0 → ∂C f the map
is an isomorphism. By definition of A f we have
There exist unlinked sections ζ and ζ 1 for f and f 1 [HH63, 4.3, BH70, Proposition 1.3, Sk08', the Unlinked Section Lemma (a)]. We have e((ϕζ)
, where the second equality holds by (the first equality of) the Section Lemma 3.1.
For sections
where d(ξ, η) ∈ H 2 (N ) is the difference element [BH70, Lemme 1.7, Bo71, Lemme 3.2.b]. Since H 2 (N ) has no 2-torsion, the previous two sentences together with (the first equality of) the Section Lemma 3.1 imply that the section ϕζ is unlinked for f 1 . Hence by (the second equality of) the Section Lemma 3.1
Proof of the Framing Theorem 2.7. Lemma 3.2. Define i : 
Proof. Since i(S 1 ) ⊂ SU 2 , the standard bundle SU 2 → SU 3 → S 5 gives a bundle
Here the diffeomorphism is given by a free action of SU 2 on CP 1 = S 2 whose stabilizator subgroup is i(S 1 ). (In order to define such an action, identify SU 2 with the group of unit length quaternions. Define the Hopf map h : SU 2 → CP 1 by h(z + jw) := (z : w) for z, w ∈ C and |z| 2 + |w| 2 = 1.
The
. Thus the stabilizator subgroup is {z + j0 | z ∈ C} = i(S 1 ).)
Since π 4 (SU 3 ) = 0 (by π 4 (SU 3 ) ∼ = π 4 (SU) and the Bott periodicity), we have
Therefore the bundle (*) is nontrivial. 
Take ϕ := ϕ 2 ϕ −1
we see that Ψ is an isomorphism. Take
Consider the maps
20 An alternative proof of the non-triviality of the bundle (*). If (*) is trivial, then there is a bundle S 1 → SU 3 → S 2 × S 5 whose first Chern class is a generator of H 2 (S 2 × S 5 ) ∼ = Z. Then SU 3 ∼ = S 3 × S 5 which is a contradiction because π 4 (SU 3 ) = 0 = Z 2 ∼ = π 4 (S 3 × S 5 ).
21 There is a typographical error in the expression for s 3 which should read s 3 (N k,l ) = (−4P +NS)/6N and in the expression for P where −6m 2 n 2 should read −6lm 2 n 2 ; we do not use these corrections.
Proof of the second equality of the Addendum 1.3. It suffuces to prove that η u (f #g, f 0 #g 0 ) = η u (f, f 0 ) + η 0 (g, g 0 ), where u = BH(f 0 ) and g 0 : S 4 → R 7 is the standard embedding. Assume that (W f , z f ) is a null-bordism of an admissible set (C f , C f 0 , A f , A f 0 , ϕ f ) and the same for f, f 0 replaced by g, g 0 .
We may assume that ϕ f is the identity outside B 4 ⊂ N and that ν f = ν f #g outside B 4 ⊂ N . Then take any spin bundle isomorphism ϕ : ∂C f #g → ∂C f 0 #g 0 that is the identity outside B 4 . Identify B 4 × S 2 and ν −1 f B 4 ⊂ ∂C f by some bundle isomorphism. The same for f replaced by f 0 , g, g 0 . We have
By
− we denote the standard decomposition. Take an embedding
respectively. Take the analogous embedding B 5 × S 2 → ∂W g . Then take
Consider the Mayer-Vietoris sequence:
Identify ∂W and C f #g ∪ ϕ C f 0 #g 0 by the easily constructed homeomorphism. We have
, and the same for f replaced by f 0 , g, g 0 . Hence
Therefore there is a unique z ∈ H 6 (W, ∂) such that (W, z) is a null-bordism of
, by the exact sequence of pair and the Mayer-Vietoris sequence we have orthogonal isomorphisms Ψ and Ψ ∂ appearing in the following commutative diagram:
.
), where Ψ denotes the isomorphism analogous to Ψ with coefficients Z d . Then clearly η W,z = η W f ,z f + η W g ,z g . This implies the required statement.
Proof of Lemma 2.9. Consider the fibration RP ∞ → BSpin → BSO. The 4-line of the cohomology LeraySerre spectral sequence of this fibration is the same at the E 2 term and at the E ∞ term. The 4-line has Z = H 4 (BSO) in the (4, 0) position and also a Z 2 = H 2 (BSO; Z 2 ) in the (2, 2) position. If W has a non-empty boundary, then let Y := W ∪ ∂W (−W ). Since
Proof of the Realization Theorem 2.10. Assume that S 2 × D 5 ⊂ S 7 is standardly embedded as a complement to the tubular neighborhood of the standard S 4 ⊂ S 7 . Take the framing on η ′′ corresponding to (0, 0) and the framing on ψ ′ corresponding to (1, −1). Let M be the closed 7-manifold obtained from S 7 by surgery along framed embeddings ψ ′ and η ′′ . Then M is a homotopy sphere containing the above S 4 . In the 'proof of the Realization Theorem 2.10' below we prove that M ∼ = S 7 . Let g 1 be the composition of the inclusion S 4 → M and any diffeomorphism M → S 7 .
In this subsection let i : 
For the other equalities we may assume that m = l = 1 and replace W by the 8-manifold W ′ obtained from D 8 by adding a 4-handle along embedding α = iα 1 . Since every embedding S 3 → S 7 is isotopic to the standard embedding, there is a 4-
Thus the characteristic classes of ν W ′ (X) and of α coincide.
We have [α] ∩ [α] = e( α) because the self-intersection of a homology class represented by a submanifold equals to the Euler class of the normal bundle of the submanifold in the manifold (this is easily proved directly or else deduced from [MS74, Exercise 11-C in p.
134]).
We have
, where the second equality holds because τ W ′ | X ∼ = τ X ⊕ ν W ′ (X) is stably equivalent to ν W ′ (X) = α since X ∼ = S 4 is stably parallelizable. 
Proof of the
(the boundary map and the map x → x ∩ ∂C k ) are isomorphisms. Hence for the generator z W ∈ H 6 (W, ∂) we have that ∂z W is a generator of H 5 (∂W ) and
is an admissible set and W, z W is a null-bordism of X.
Identify H 4 (W ) with H 4 (W, ∂) (and the same for W replaced by W ′ defined below) by the isomorphism from the exact sequence of pair.
Take a basis x, y of H 4 (W ) ∼ = Z 2 with x and y corresponding to the handle attached by ψ ′ and by η ′′ , respectively. By Lemma 3.3 and [Mi56] x ∩ y = 1, x ∩ x = p W ∩ x = 0, y ∩ y = 1 + (−1) = 0 and p W ∩ y = 2(1 − (−1)) = 4.
Hence p W = 4x. Denote by W ′ the 8-manifold obtained from D 8 by adding 4-handles along framed embeddings iψ ′ and iη ′′ into ∂D 8 . Recall that M = ∂W ′ for the 7-manifold M defined in the 'construction of g 1 '. Analogously to above there is a basis x, y of
in which the intersection form of W ′ has matrix H + , and
x ∪ e 4 y ), where ≃ means 'homotopy equivalent up to dimension 4'. Homotopy classes of the attaching maps for e 4 x and for e 4 y equal to the homotopy classes of η ′′ and ψ ′ . So the attaching maps are homotopic to the Hopf map and trivial map S 3 → S 2 , respectively. It follows that W ≃ CP 2 ∨ S 4 . Thus we obtain the cohomology ring of W up to dimension 4. By duality we obtain the homology groups of W and relevant intersection products above dimension 3. Hence z 2 W ∩ x = 1 and z 2 W ∩ y = 0 for a generator z W ∈ H 6 (W ). By Poincaré duality z 2 W = y.) Then η(g 1 , g 0 ) = η W,z W = 2.
Proof of the 'if' part of the Almost Diffeomorphism Theorem 2.6
The Kreck Theorem 4.1. Let
with common boundary; • p : B → BO be a fibration such that π i (p) = 0 for i ≥ 2l and π 1 (B) = 0;
Then ν is bordant (relative to the boundary) to a product of ν| C 0 with the interval if
where x ∈ K and w 4 ∈ H 4 (BO) is the Stiefel Whitney class. So in [Kr99, p. 725] we can take µ(x) := x ∩ x/2 for x ∈ K (because 2l is even). We have W h(π 1 (B)) = 0 and so an isomorphism is a simple isomorphism. Hence the hypothesis on U implies that θ(W, ν) is 'elementary omitting the bases' [Kr99, Definition in p. 730 and the second remark on p. 732]. be the map from the exact sequence of pair. There is a well-defined bilinear map
which is symmetric and unimodular and where j 
27
Proof. Since H 3 (C 0 ) = 0, the map j 0 is epimorphic. If y, y ′ ∈ j −1 0 x, then we may assume that the support of y − y
So · is well-defined. This form is symmetric because of the symmetry of linking coefficients of 3-cycles in C 0 . In order to prove the unimodularity of · take primitive x 0 ∈ V 0 . By Poincaré-Lefschetz duality there is x 1 ∈ V 1 such that x 1 ∩ x 0 = 1. Since H 3 (C 1 ) = 0, there is y ∈ H 4 (W ) such that j 1 y = x 1 . We have x 0 · j 0 y = x 0 ∩ y = x 0 ∩ x 1 = 1.
Bordism Theorem 4.3. Let (W, z) be a null-bordism of an admissible set
The pair (W, z) is spin bordant (relative to the boundary) to a product with the interval if 28 there is a left inverse s of the map
from the exact sequence of triple (sj = id) such that
Beginning of the proof of the Bordism Theorem 4.3. Recall that BSpin = BO 4 is the (unique up to homotopy) 3-connected space for which there exists a fibration BSpin → BO inducing an isomorphism on π i for i ≥ 4. Denote B := BSpin × CP ∞ . Define p : B → BO to be the composition of the projection to BSpin and the map BSpin → BO inducing an isomorphism on π i for i ≥ 4. Take the map ν : W → B corresponding to the given spin structure on W and to z ∈ H 6 (W, ∂) ∼ = [W, CP ∞ ]. Since X is admissible and H 4 (C k , ∂) = 0, by Poincaré-Lefschetz duality the map
is an isomorphism. This and π 1 (C k ) = H 3 (C k ) = 0 imply that the map ν| C k is 3-connected. Making B-surgery below the middle dimension we can change ν relative to the boundary and assume that ν is 4-connected [Kr99, Proposition 4]. This surgery together with the obvious corresponding change of s preserves σ(W ), sp W · sp W , sz 2 · sp W and sz 2 · sz 2 . Hence it suffices to construct U as in the Kreck Theorem 4.1.
Since BSpin is 3-connected, we have
This isomorphism carries ν * u to (u∩p W /2, u∩z 2 ) (where a ∈ H 2 (CP ∞ ) is a generator and p W is even by Lemma 2.9). So 'ν * U = 0 ∈ H 4 (B)' is equivalent to 'U ∩ z 2 = U ∩ p W = 0'. Let U = {u ∈ V 0 | du = msz 2 + nsp W for some integers d, m, n}.
27 Of course 'geometrically j
, but the first intersection assumes values in H 0 (W ) = Z while the second one in H 0 (W, C 0 ) = 0.
28 and only if (Note that rk U is 1 or 2.) Since
Since the form · is unimodular, there is X ⊂ V 0 such that U ⊂ X, rk X = 2 rk U and ·| X is unimodular.
Then 29 V 0 ∼ = X ⊕ X ⊥ and σ(X) = 0. The map j 0 : H 4 (W ) → V 0 is onto and carries ∩ to ·. Therefore σ(X ⊥ ) = σ(·) = σ(W ) = 0. Hence there is a direct summand U ⊂ X ⊥ such that U · U = 0. Let 
The map j 1 s * : V 0 → V 1 is an isomorphism carrying the product ∩ :
Proof. Define a homomorphism x : H 4 (W, ∂) → Z by x(y) := x · sy. Now the existence and uniqueness of such an element s * x follows by Poincaré-Lefschetz duality. Clearly, s * is a homomorphism. We have
Since the form · is unimodular, j 0 s 
Hence by Poincaré-Lefschetz duality x = y. Thus j 1 s * is injective. So it is an isomorphism.
Completion of the proof of the Bordism Theorem 4.3: checking of the required properties of U . Clearly, U is a direct summand in X.
Let
and U ′ is a direct summand in V 0 . By Lemma 4.4
29 Since both V 0 and X ⊂ V 0 are unimodular, we have X ∩ X ⊥ = 0 and rk
30 The second statement holds for each right inverse of j 0 , not necessarily the one obtained from s. Since H 3 (C 0 ) = 0, we can take the product · given by Lemma 4.2. By excision H 4 (∂W, C 0 ) ∼ = H 4 (C 1 , ∂) = 0. Then, by the exact sequence of a triple, j is injective.
Take x ∈ V 0 . We have x ′ · x = y ∩ x = y ∩ jx for each x ′ ∈ V 0 and y ∈ j
Hence the unimodularity of · implies that jx is primitive for each primitive x ∈ V 0 . So there exists a left inverse s of j (because ν is 4-connected and so Tors H 4 (W, ∂) = Tors H 3 (W ) = 0). 
there is a closed compact spin 8-manifold W and z ∈ H 6 (W ) such that the quadruple The lemmas are proved in the next subsection (Lemma 4.5 is known).
Completion of the proof of the 'if ' part of the Almost Diffeomorphism Theorem 2.6. Take a 3-connected parallelizable 8-manifold E 8 whose boundary is a homotopy sphere and whose signature is 8. Then p E 8 = 0. The boundary connected sum of ν with a constant map E 8 → CP ∞ changes α W by 1 and preserves the 4-connectedness of ν.
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Thus we may assume that α W = 0. For a null-bordism W, z of an admissible set X such that H 3 (C k ) = 0 and a left inverse s of j denote Q W,z,s := (σ(W ), α W , sz 2 · sz 2 , η W,z,s ). For a closed spin 8-manifold W 0 and z 0 ∈ H 6 (W 0 ) we have Q W #W 0 ,z⊕z 0 ,s⊕id = Q W,z,s + Q W 0 ,z 0 . Since z is primitive, z ⊕ z 0 is primitive. So we may spin surger W #W 0 and assume that the map ν ′ : W #W 0 → B corresponding to z ⊕ z 0 and the 'connected sum' spin structure on W #W 0 is 4-connected. So by Lemma 4.5 we may change the quadruple Q W,z,s by any of the four quadruples of Lemma 4.5, and ν would remain 4-connected.
Thus we may assume that σ(W ) = α W = 0. Connected sum of ν with the constant map from a null-bordant 3-connected 8-manifold does not change σ(W ), α W and the property that ν is 4-connected.
If A 2 0 is not divisible by 2, then by Lemmas 4.6 and 4.5 we may assume that σ(W ) = α W = sz 2 · sz 2 = 0. If A 2 0 is divisible by 2, then ρ 2 (sz 2 · sz 2 ) = η ′ X = 0, hence by Lemma 4.5 we may assume that σ(W ) = α W = sz 2 · sz 2 = 0. Since η X = 0, by Lemmas 4.6 and 4.5 we may assume that σ(W ) = α W = sz 2 · sz 2 = η W,z,s = 0. Then we are done by the Bordism Theorem 4.3.
Diffeomorphism Theorem 4.7. Let X = (C 0 , C 1 , A 0 , A 1 , ϕ) be an admissible set such that π 1 (C k ) = H 3 (C k ) = H 4 (C k , ∂) = 0 and H 2 (∂C 0 ) is free. Denote α X := ρ 28 α W ∈ Z 28 for some null-bordism (W, z) of X.
34 There is a diffeomorphism C 0 → C 1 extending ϕ if and only if α X = 0, η X = 0 and, for A The 'only if' part is simple (take W = C 0 × I ∪ ϕ C 1 , where ϕ : C 0 × 1 = C 0 → C 1 is given extension). We essentially proved the 'if' part in the course of the proof of the 'if' part of the Almost Diffeomorphism Theorem 2.6. 32 We can avoid using (0, 0, 2, 0) by using the Framing Theorem 2.7(ϕ) and changing the structure of the proof of the injectivity of η u .
33 An alternative proof is obtained by replacing E 8 by a 3-connected 8-manifold X ≃ S 4 whose boundary is a homotopy sphere, σ(X) = 1 and p X = 6 [Mi56] . 34 The independence of α X of W is essentially known. Note that α X is also independent of ϕ because σ(W ) − 4p 2 W = −2 7 · 7s 1 (N 1,−1 ) = 0 in the notation of the subsection 'Proof of the Framing Theorem 2.7'.
Conjecture 4.8. Let (W, z) be a null-bordism of an admissible set X = (C 0 , C 1 , A 0 , A 1 , ϕ) such that π 1 (C k ) = H 3 (C k ) = H 3 (∂C 0 ) = H 4 (C k , ∂) = p 1 (C k ) = 0, 
